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Abstract 

We consider a rank one group G = {A, B) which acts cubically on a 
module V, this means [V, A, A, A] =0 but \y, G, G, G] ^ 0. We assume 
that Ao ■— Ca{[V,A]) n Ca{V/Cv{A)) is not trivial; this is always the 
case if A is not abelian. Then Aq defines a subgroup Go of G which acts 
quadratically on V. By a theorem of Timmesfeld Go — SL2{J,R) for a 
ring R and a special quadratic Jordan division algebra J (- R. We show 
that J is either a Jordan algebra contained in a commutative field or a 
hermitian Jordan algebra. In the second case G is the special unitary 
group of a pseudo-quadratic form n of Witt index 1. 
Keywords: Rank one groups, Moufang sets, pseudo-quadratic forms 



1 Introduction 

Abstract rank one groups were introduced by Franz Georg Timmesfeld in [15] . 

Definition 1.1 A group G with two distinct nilpotent subgroups A and B is 
called an abstract rank one group with unipotent subgroups A and B if G = 
{A, B) and if for all a £ there is an element b{a) G B* with B'' = 
and vice versa. 

The most common example for a rank one group is the group SL2{K) with K 
a (skew-)field and A and B the group of lower resp. upper unipotent matrices 

2 X 2 - matrices over K. Alternatively, one can take G = PSL2{K). 

The concept of an abstract rank one group is closely related to the concecpt of 
a Moufang set. A Moufang set is a pair {X, {Ux)xex), where X is a set with at 
least 3 elements and {Ux)xex is a family of subgroups of SymX such that Ux 
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fixes X and acts regularly onX\{x} and such that U§ = Uxg for allx,y £ X and 
all g G Uy. The groups Ux are called root groups and the group = (Ux] x € X) 
is called the little projective group of the Moufang set. If {X, (Ux)xi£x) is a 
Moufang set with nilpotent root groups, then is an abstract rank one group 
with unipotent subgroups Ux and Uy for all x,y £ X with x ^ y. Conversely, 
if G = {A,B) is a rank one group, then (X, {Ux)xex) with X = {AS\g e G} 
and Ua^ = AaZ{G)/Z{G) is a Moufang set with G^ = G/Z{G). So a rank one 
group is a central extension of the little projective group of a Moufang set with 
nilpotent root subgroups. Note that not every central extension of G^ is a rank 
one group. If for example G = A5 and A,Bg Syl2{G), then G is a rank one 
group with unipotent subgroups A and B and Z{G) — 1, but G — {A,B) with 
G = >S'L2(5) and with preimages A,BoiA and i? in G is not a rank one group 
with unipotent subgroups A and B. We refer to [17j where the notion of a rank 
one extension is introduced. 

There is a strong connection between rank one groups and quadratic pairs (see 
A quadratic pair consist of a finite-dimensional fc-vectorspace V {k a field 
of odd characteristic) and a subgroup G of GLfc(F) generated by quadratic 
elements, i.e. elements with minimal polynomial {X — 1)^. We further assume 
that a (p G Endk{V) with (p'^ = and idv + ip G G, then also idy + X<p £ G for 
all A G fc. Note that if chark = 2, then an element in GL{k, V) is quadratic iff 
it is an involution. Generalizing this concept, we define 

Definition 1.2 ([17J) Let G — {A, B) be a rank one group. A ZG-module V 
is called quadratic if [V, A, A] ^ but [V, G, G] ^ 0. 

Rank one groups possessing a quadratic module are sometimes called quadratic. 
Since G = NA or iV n A = 1 for every normal subgroup N oi G (by 1(1.10) of 
[IB]), the condition [V, G, G] 7^ implies that A acts faithfully on V. Note that 
if [V, G] = V, then V is either an elementary-abelian p-group or torsion free and 
uniqely divisible, so F is a fc-vectorspace for fc = Fp or fc = Q. Both chark = 2 
and dirukV = 00 are allowed. 

The most common example for this situation is G = SL2{K) and V = for a 
(not necessarily commutative) field K. One can generalize this as follows: Let 
i? be a ring with 1. A subgroup J of (i?, +) is called a special quadratic Jordan 
division algebra if 1 £ J and if a G J'^ = J \ {0}, then a is invertible in R 
and is again in J. Note that the Hua identity implies that bah G J for all 
a, & G J [S]. Set 

and SL{J,R) = {A,B). Then SL{J,R) is a rank one group with unipotent 
subgroups A and B and V — R^ is a quadratic module for SL{J, R). 
Timmesfeld showed that every quadratic rank one group is isomorphic to SL2{J, R) 
for a special quadratic Jordan division algebra inside a ring R. 

Theorem 1.3 ( jlTj . Theorem 1.1.) Let G = {A, B) be a rank one group 
which acts quadratically on a module V. Set W :~ [V, G]/(Gy(G) fl [V,G]), 
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X = \W,A\ and R — End{X). Then there is a special quadratic Jordan division 
algebra J C R such that G SL2{J, R). 

Quadratic Jordan division algebras were classified by McCrimmon and Zel'manov 
(15.7 in _11 ): Every special quadratic Jordan division algebra is isomorphic to 
the quadratic Jordan algebra of a skewfield, an ample hermitian Jordan algebra 
or a Jordan algebra of Clifford type (note that these families are not disjoint). 
We therefore get a classification of all quadratic rank one groups. 
This result can be seen as a special case of the more general conjecture that 
every special Moufang set with abelian root groups (equivalently (by [12p. every 
Moufang with abelian root groups and not sharply 2-transitive) is isomor- 
phic to the Moufang set of quadratic Jordan division algebra (see [1]). 
In [TS] Timmesfeld classified all quadratic pairs (V, G) such that G contains two 
distinct commuting root groups. This leaves the case that G contains no com- 
muting root subgroups. Concretely, this means that is a finite-dimensional 
vectorspace over a field k of odd characteristic and G is a subgroup of GLk{V) 
generated by a set S of subgroups of G such that tor all A, B € T,, A ^ B the 
group {A, B) is a rank one group with unipotent subgroups A and B which acts 
quadratically on V. Such groups were examined in [Rl. The author showed 
that if 3 is the minimal number of elements of S which are needed to generate 
G, then one of the following cases hold: 

(a) There is a quadratic extension K/k with Galois group (cr) and a a- 
hermitian form / : x K with Witt index 1 such that G = 
SU3{KJ). 

(b) There is a division algebra K over k with involution a and a (T-hermitian 
form / : x ^ K such that G ^ SUaiK, /). Moreover, ^ {x G 
K; x°' = x} generates K a.s a. ring. 

If A,B G S arc different, then the special quadratic Jordan division algebra 
associated to {A, B) is fc+ in the first case and in the second case. 
To prove this result, Timmesfeld introduced the group U{A) for A G S. 

U{A) {g e G; [V,g] C Gy(A), [Gv{A),g] C [V,A] and [V,A,g] = 0}. 

He showed that if A, i? e E, A ^ i?, then G is a rank one group with unipotent 
subgroups U{A) and U{B). The group U{A) acts 'cubically' on V, this means 
\y, U{A), U{A), U{A)] = 0. This motivates the following definition: 

Definition 1.4 Let G he a rank one group with unipotent subgroups A and 
B. A TjG - module V is called a cubic module for G if [V,A,A,A] ~ 0, but 
[V,G,G,G]^0. 

Here again, we will later see that one can assume that F is a fcG-module for 
a field k. Both chark — 2 and dirrikV = oo are allowed. Note that we don't 
exclude that [V, A, A] = (and so V is actually a quadratic module for V). But 
if A is not abelian, then A] = implies Ga{V) ^ 0, so CciV) ^ and 
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thus G = Cg{V)A by 1(1.10) of [S], hence [V, G, G, G] = [V, A, A, A] = 0. 
If G = {A, B) acts cubically on V and A is not abelian, then there is a root 
subgroups Ao of A and Bq of B with Aq < Z{A),Bq < Z{B) and [V, B, Bq] = 
[V,Bq,B] = = [V,A,Ao\ = [V,Aq,A]. Thus Go = {Ao.Bq) is a rank one 
group which acts quadratically on V . In the notation of Timmesfeld, one has 
U[Aq) ^ A and U{Bo) ^ B. By O Gq = SL2{J,R) for a ring R and a 
special quadratic Jordan division algebra J C R. We will show that either 
J is a commutative Jordan algebra (and so either J is the Jordan algebra of 
a commutative field or there is a non-perfect field F with charF = 2 such 
that F^ C J C F) or J ^ Hq{K, *) for a skewfield K with involution * such 
that Hq{K,*) generates K. In the second case there is a iiT-vectorspace X 
and a pseudo-quadratic form n : X ^ K/Hq{K, *) of Witt index 1 such that 
G ^ SU{-k). Moreover, if [V,G] = V,Cv{G) = and if charK ^ 2 or if is 
neither a quaternion algebra nor a biquaternion algebra, then V is the direct 
sum of G-modules isomorphic to X. This result is similar to the following: If 
A is the generalized quadrangle corresponding to an involutory set [K.Kq.u) 
with CT ^ 1 and {Kq) = K and if F is an extension of A (in the sense of (21.5) 
in [H]), then by (21.11) of the same book there is a -fC-vectorspace Lq and an 
anisotropic pseudo-quadratic form n : Lq K/Kq such that F is the generalized 
quadrangle corresponding to tt. 

If J is commutative, the situation more complicated. The standard example 
for this case are unitary groups over commutative fields or quaternion division 
algebras, but there are other example as those resulting from quadratic forms 
of type Eq.E'j and Eg, (see 13. 6p . Moreover, for Eq and Ej the corresponding 
Moufang sets are isomorphic to unitary Moufang sets (see [3]). Therefore it is 
possible that a rank one group acts cubically on two non-isomorphic irreducible 
modules 

The paper is organized as follows: In Section 2 we repeat some facts about 
rank one groups and some facts about algebra we will need (semi-prime rings, 
skewfields with involution, pseudo-quadratic forms). Moreover, we will prove 
a ring-theoretical lemma we will use in Section 4. In Chapter 3 we will prove 
some elementary facts about cubic action. Especially we will introduce the 
subgroup Af) of A and the 'normal form' of a cubic module. In Section 4 we 
will introduce the rings R and S which are contained in End{Cv{A)). We will 
show that R is (almost always) a skewfield and give a criterion when R = S 
holds. In Section 5 we will show how to find irreducible modules inside a cubic 
module and give a criterion when a module is totally reducible. In Section 6 we 
will construct an anisotropic pseudo-quadratic form on A/Aq (which is always 
a i?-module). Using the methods in Section 7, we will transform this form to a 
pseudo-quadratic form of Witt index 1 on an irreducible subspace of our cubic 
module. 
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2 Preliminaries 



2.1 Rank one groups and Moufang sets 

We will assume that G is a rank one group with unipotent subgroups A and 
B. As mentioned in the introduction, this means that there are functions 
A* ^ B* -.a^ 6(a) and B* ^ A* : b ^ a{b) with = B" and B"^^^ = 

A^. One sees immediately that a{b{a)) — a and b{a{b)) — b for all a £ A# and 
all beB* holds. 

Definition 2.1 For all a G A^ set fia '■— b{a~^)ab{a)~^ . 

One easily computes A^" = B and B^" = A. Moreover, Ha is the unique 
element in the double coset BaB with this property. 

Definition 2.2 Set H ~ {fiaUb', a,b E A'^). Then H is called the Hua subgroup 
ofG. 

Since fia interchanges A and B, H is contained in No{A) n Ng{B). One can 
show that H = NdA) D NaiB) (3.1 (ii) in [5]). 

We recall that a rank one group G — {A,B) is called special if b{a)^^ — b{a^^) 
for all a G . A rank one group is special iff the corresponding Moufang set 
is special (see [1] for the definition of a special Moufang set). 

Definition 2.3 A subgroup Aq of A is called a root subgroup if the set Bq := 

{1} U {b{a); a G Af} is a subgroup of B. 

If Aq is a root subgroup of A, then Gq := (j4o,-Bo) is rank one group with 
unipotent subgroups and Bq. We say that is a special root subgroup if 
the rank one group Gq is special. 

A Moufang set is called non-proper if the little projective group G^ is sharply 
2-transitive. 

2.2 Some ring theory 

A ring R is called semi-prime if R has no nilpotent ideals, this means that if 
I is an ideal of R with /" = for a natural number n > 1, then / = 0. We 
set «8(i?) := r\{I'J ^ R,R/I semi-prime}. One easily sees that R/^{R) is 
semi-prime, so 5B(i?) is the smallest ideal of R such that the factor ring is semi- 
prime. *B(i?) is called the (lower) Baer radical of R (see [I]). It is contained in 
the Jacobson radical of R and every element of 03 (i?) is nilpotent, so an element 
x G i? is a unit iff x -I- *B(i?) is a unit in i?/<B(i?). 

The following lemma is a generalization of 14.1.1 in [ij, where both S and R 
are skewfields (and so I^+i = 0). 

Lemma 2.4 Let S be a ring with 1 and let R be a subring of S with 1 G i?. 
Suppose there is a unit x E S such that x -\- 1 is again a unit and such that 
x-^Rx = {x + l)-^ R{x + 1) = R. Then (x + l)-^ G R or I^+i := Rn{x + l)R 
is an ideal of R with Ix+i R and x^^ux — ii G /aj+i for all u G R. 
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Proof. Let u Q R, set v x~^ux and w := {x + l)~^u{x + 1). Thus 
XV = ux and {x + l)w = u{x + 1). We get (x + l)v — v + u = xv + u = 
ux + u — u{x + I) ~ {x + l)w and hence {x + l){v — w) ^ v — u <E Ix+i- Since 
/^^i = {x + l)RnR= {x + l)ix + l)-^Rix + l)nR ^ R{x + l)nR, h+i 
is an ideal of R. If I^+i = R then 1 e {x + 1)R and thus (a; + 1)"^ G R. If 
Ix+i 7^ R, then x^^ux— u G Ix+i for aU u G i? and thus x centrahzes R/Ix+i- □ 



2.3 Special quadratic Jordan algebras 

Let if be a field and R a X-algebra. For a E R we define the linear map 
Qa : R ^ R : b ^ aha and set Qa.b = Qa+b — Qa — Qb for a,b G R. Then a 
subspace J C i? is called a special quadratic Jordan algebra if JQa ^ J for all 
a € J . Of course R itself is a special quadratic Jordan algebra; we denote it by 
If R is unital and 1 G J, then J is called unital. If J is unital, then J is 
called a division algebra if all element of J"^ — J \ {0} are invcrtible in R and 
if a^^ G J for all a G J*. The subgroup of GL{J) generated by the maps Qa 
for a G J'^ is called the inner structure group of J. 

If ,/, J' are special quadratic Jordan algebras over a field if, then a map 
/ : J — > J' is called a Jordan homomorphism if it is iiT-linear and if f{bQa) = 
f{b)Qf(^a) for all a,b E J. If J is a special quadratic Jordan algebra over K, 
i? is a if-algebra and / : J — ^ i? is an injective Jordan homomorphism such 
that f{J) generates i? as a ring, then {R, /) is called an envelope for J. An 
envelope {R, /) of J is called universal if for any other envelope {S, g) of J there 
is a if -algebra homomorphism ip : R ^ S with ip o f = g. One can construct a 
universal envelope as follows: Let T( J) = if © J © (J (g)^ J) © {J®k J ®k J) ■ ■ ■ 
be the tensor algebra over J and let i( J) be the ideal generated by all elements 
of the form hQa — a®b®a and by Ik — Ij- Then T{J)/I{J) together with the 
canonical embedding a i— > a+I{J) is a universal envelope of J. This construction 
depends on the choice of K. If i^ is a subfield of K, then J is also a Jordan 
algebra over F, and it is not clear if the universal envelope over F equals the 
universal envelope over F. We show 

Lemma 2.5 Let J he a Jordan division algebra over a field K and let F be a 
subfield of K. Let {UK,f) resp. {UF,g) be universal envelopes of J over K 
resp. F. Then there is an epimorphism ip :Uf ^ Uk with (p o g ^ f such that 
kenp C «8(C/f). 

Proof. Since Uk is also an envelope of J over F, the existence of a homomor- 
phism ip : Up Uk with ^p ° g — f follows by the property of the universal 
envelope. Since /(J) generates Uk, f must be onto. Since J is a division alge- 
bra, g{J) n kenp = 0. We have to show that g{\a) — g{Xlj)g{a) G ^{Up) and 
that giXlj) + »(C/f) e Z{Uf/^{Uf)) for ah a G J and all A G if . 
If i? is a ring containing J, then we set [a, h\ := ah — ha and [a, b, c] := [[a, b], c] 
for a,b,c G R. Then (0.25) and (0.27) of [11] imply [a, [a, 6, c] G J and 
gihb]^) = [5(a),5(6)]2, g{[a,b,c]) = [g{a), g{b), g{c)] for all a,b,c G J. If 
charK — 2, then [a, 6] G J and g{[a, b]) = [g{a), g{h)] for all a, 6 G J. 
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If charK ^ 2, then for a ^ J and \ <E K this imphcs [g(Al,7), .g(a)] £ Z{Uf) 
and [g{Xlj),g{a)]'^ = 0. Thus the image of Alj in Uf/^{Uf) is in the center 
of this ring. Since 5 is a Jordan homomorphismus, we have 

5(Aa) = ^{g{\lj)g{a) - g{a)g{\lj)). 

Thus, we get 

g{\a) + %{Uf) = g{\lj)g{a) + ^{Uf) = g{a)g{Xlj) + ^{Uf). 
Thus the claim follows. 

Assume that charK = 2. Then g{Xlj) G Z{Uf) and 

[g{a-^),g{\a)]^g{[Xa-\a])=0 

for all A G -ftT and all a & J. Let a S J'^, A G K* and set u := g{Xa)g{X~^lj)g{a~^). 
Then 

ug{b)u = g{Xa)g{X-Hj)g{a-')g{b)g{a-')g{X-Hj)g{Xa) 

= 9{bQa-^Qx-HjQxa) = 9{b). 

Moreover, 

[g{b),g{Xa)g{a-^)] = g{b)g{Xa)g{a-^) + g{a-^)g{Xa)g{b) = giXaQb,a-^) = 0, 

hence g{Xa)g{a~^) G Z{Uf) and so u € Z{Uf)- So u — 1 is a nilpotent element 
in Z{Uf) and thus contained in ^{Uf)- Thus we have 

g{Xa) + ^{Uf) = g{Xlj)g{a) + ^{Uf) = g{a)giXlj) + ^{Uf). 

□ 

If U is the universal envelope of J, then we call U/^{U) the universal semiprime 
envelope of J. This definition doesn't depend on the ground field K by the 
previous lemma. 

Proposition 2.6 Let J be a special quadratic Jordan division algebra. Then 

the following statements are equivalent. 

(a) J = for a commutative field F or there is a commutative field F of 
characteristic 2 and a F"^ - subspace J' with F"^ C J' C F such that 
J^J'. 

(b) The universal semiprime envelope of J is a commutative field. 

(c) There is a commutative envelope R for J. 

(d) The inner structure group of J is abelian. 
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Proof. If J = for a commutative field F, then dimpj = 1 and so one 
easily sees that F is the universal i^-envelope of J. Suppose C J C F for 
a commutative field F with charF = 2 and let U = T{J)/I{J) the universal 
F^-envelope of J. Then for all a, 6 g J we have — a ® a G /(J) and thus 

(a + 6)2 - (a + 6) (g) (a + 6) - (a^ - a (g) a) - (6^ - & (g) 6) = 

a2 + 52 + a(g)a + &(g)5 + a(8)6 + 6(g)a + a2 + ag)a + 52 + 6(8)6=a(g)6 + 6(8)ae /(J). 

This shows that U is commutative Since F is an envelope for J, there is a 
homomorphism (p : U F with (/3(a) = a for all a Q J. The kernel of </? is 
generated by all elements ab — a®b + I{J) with a,b,ab e J. Since a(8)6 + 6(8)aG 
/(J), we get 

(a5 - a (g fe)2 + /( J) a^fc^ + a ® 6 (g) a (g) 6 + /(J) = a^b^ + ag)ag)6g)6 + /(J) = 

This shows that kerip is a nilpotent ideal and so the semiprime envelope of J is 
just F. Thus we have shown that (a) implies (b). 

The implications (b) to (c) and (c) to (d) are trivial. For the remaining implica- 
tion (d) to (a) we can apply the classification of Jordan division algebras 
15.7). Alternatively, every Jordan division algebra J defines a special Moufang 
set M(J) and the Hua group of M( J) is just the inner structure group of J 
([S], 4.1 and 4.2). Thus (d) to (a) is a consequence of 6.1 in [5] and the main 
theorem of [B]. □ 



2.4 Involutory sets and pseudo-quadratic forms 

If is a skewfield with involution then we set H{K, *) := {a; € K;x* = x}. 
An additive subgroup Ho{K, *) of H{K, *) is called an ample Hermitian Jordan 
algebra if 1 G Ho{K,*) and x*Hn{K,*)x C Ho{K,*) for aU x £ K. Hn{K,*) 
is a special quadratic Jordan division algebra since x^^ — x^* = x^*xx^^ G 
Ho{K, *) for all x G Ho{K, *). Note that x + x* ^ {x + l)*{x + l)-x*x~l€ 
Ho{K,*) for all x £ K. Set A'* :— {x*x;x G K). Then K^, is the smallest 
Hermitian Jordan algebra relative to *. If charK ^ 2, then x = § + (§)* G 
HoiK, *) for all x G H{K, *) and so = Ho{K, *) H{K, *). If c/iarAT = 2, 
then AT* C Ho{K, *) C *) is possible. 

One has either HoiK, *) C Z{K) or {HoiK, *)) = K as a ring ( [TO], (23.23)). 
If is a skewfield with involution * and Kq an ample hermitian Jordan algebra, 
then one calls iK,Ko, *) an involutory set. 

If Lo is a /C-vectorspace, then a map t: : Lo ^ K/Ko is called a pseudo- 
quadratic form relative to {K, Kq, *) if 7r(aA) = A*7r(a)A for all a G Lq, X € K 
and if there is a skew-hermitian form f : Lq x Lo ^ K relative to * with 
7r(a + b) = TT{a) + n{b) + f{a, b) mod Ko for all a, 6 G Lo- A subspace Xo of 
Lo is called isotropic if 7r(a) = for all a G Xo- The maximal dimension of an 
isotropic subspace is called the Witt index of vr. If the Witt index is 0, then tt 
is called anisotropic- 
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3 Cubic Action 



From now on, we assume that G = {A, B) is a rank one group which acts 
cubicahy on a module V. Set Ca{V/Cv{A)) n Ca{[V, A]). 

Proposition 3.1 (a) A' < A^ < Z{A). 

(h) If Aq ^ 1, then Aq is a special root subgroup of A which acts quadratically 
on V . 

Proof. 

(a) The commutator map 

.]]V y. A ^ V : {v,a) [v, a] = -v + 

induces bilinear maps from V/ Cy {A) x yl to [V, A\ and from [V, A\ x A 
to A]. The right kernel of the first map is Ca{VICv{A)), the right 

kernel of the second map is Ca([T^, A])- Both of these groups contain 
A' . Since Aq is the intersection of these two groups, we get A' < Aq. If 
a G Ao,6 G A, then [u, a, 6] = = a] and thus [w, [5, a]] — 0. Hence 
[b,a\ = and so a G Z{A). 

(b) Let a&A*,ti = ^ia, = = Cb(\V,B]) n Cb{V/Cv{B)) and Go = 
{Ao,Bo). We have [V,Aq\ C Cv{A) and thus [V,Ao,A] C [Cv(,A),A] = 0. 
Suppose that [V, G, Go] = 0. Then Go < Cg{[V, G\) N. Since A n iV 7^ 
1, we get G = NA. So [F, G, G, G, G] = [F, G, A, A, A] = 0. This implies 
that G is nilpotent, a contradiction. Thus Aq is a special root subgroup 
of A by (2.4) of [S]. Since [T^, Aq, A] = 0, we get [V,Aq,Ao] = 0. Thus 
Aq acts quadratically on V . 

□ 

We now present some examples. 

Example 3.2 Suppose that G = {A, B) is a rank one group and that V is a 
quadratic module for G. If F is a suhring of EndciV) , then G acts on Endp^V) 
by conjugation. We claim that this action is cubic. For ip G EndpiV), a G A 
and V G [V, A] we have 

v{~ip + a^^Lpa) = —vip + vpa = [vip, a] G [V, A], 

so [EndF(y),A] <Z{ipe EndpiV); [V, A]ip C [V,A]}. Fonp G [EndpiV), A],v G 
V we get 

v{—ip + a^^ipa) = —vip + vpa + [v, a^'^]pa = [vp, a] + [v, a^'^]p G [V, A\. 

If V G [V,A], then v{-p + a^^pa) = 0. So we get [EndF{V), A, A] C {(^ G 
Endp{y)\Vp C [V, A], [y, — 0}. With the formula above we obtain that 
[EndF{V)^ A, A^ A\ =0. Since G C Endp{V) and either G is perfect, G = 
SL{2, 3) and A = Zy,, or G ^ S3, and A ^ Z2, we see that [Endp{V), G, G, G] ^ 
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0. If G = SL2{J, R) with R = (J), V = R^ and A the group of lower unipotent 
triangle matrices with entries in J, then CA{[EridF{V), A]) = A iff R is com- 
mutative and charR = 2 and CA{[EndF{V),A]) = 1 in all other cases. In all 
cases Aq = 1. 

Example 3.3 Let {K,Ko,*) be an involutory set, V a K -vectorspace and 

7f : y — > K/Ka an anisotropic pseudo-quadratic form with associated skew- 
hermitian form f. Define V — K (B V (B K and ir -.V ^ K/Ko by 

7r(r, X, s) = s*r + W{x) + Kq. 

Then w is a pseudo- quadratic form with associated skew-hermitian form g given 
by 

g{{r, X, s), {t, y, u)) = u*r - t*s + f{x, y) 

for x,y €V and r, s,t,u G K. We have 7r(r, a;, 0) & Kq iffx = and '^{r, x, 1) = 
Oiffr + Tf{x) e Kq. Thus {(1, 0, 0)K} U {(r, x, 1)K; r + 7f(x) G Kq} is the set 
of anisotropic 1-dimensional spaces. Therefore the Witt index of tt is 1. For 
V €V,t G K with 7r(w) —tGKo let Q!(„_j) e End{V) be defined by 

(r, X, s)a(„,t) = (r - f{v, x) + t*s, x + vs, s) 

for X G V,r,s G K. Then a(^y^t) G GLk{V), a(^,t)Q!(,„,„) = a(^y+u:,t-i-u-i-f{v,w)) 
and 

n{{r,x, s)a(„,t)) = Tr{{r - f{v,x) -\- t*s,x -\- vs,s)) = 
s*{r - f{v, x) + t*s) + Tr{v + xs) -\- Kq = 
s*r + s*f{x, v)* + s*t*s + tt{v) + f{x, vs) + s*tt{x)s + Kq = 
s*r + 7f(w) -\-s*{t* + t- {t -tt{v))s + f{x,v)s + {f{x,v)s)* -\- Kq = -K{r,x, s). 
Similarly, define P{t,v) by 

(r, X, s)j3(t,v) = {r,x- vr, s - f{v, x) - t*r). 

Then again Tr{{r,x,v)f3^t_y^) = Tr{r,x,v). If A = {a(i,,t); —t€ Kq} and 
B = {l3(^y fy,Tf{v) — t G Ko}, then G ~ {A,B) is an abstract rank one group 
and V is a cubic module for G. It is [V,A] = {{r,v,0);r £ K,v £ V} and 
CviA) = {{r,v,0);r £ K,v € rad{f)}. Therefore 

Ao = Ca{[V,A]) = {a^y,tr,ve radif)} = Z{A). 

Example 3.4 We present one exam,ple with abelian root groups. Let K be a 
commutative field and let {Lq , q) be an anisotropic quadratic space over K with 
associated symmetric bilinear form f. Set Lq = Lo/Def{q) For v € Lq, v 
denotes the image of v in Lq. Set V = K ® Lq® K. For all v G Lq we define 
ay,py G GL{K,V) by 

{x, W, y)cxy = {x,w-\- vx, y -\- f{w,v) -\- xq{v)) 
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and 



(x, w, y)l3y = {x + f{w, v) + q{v)y, w + vy, y). 



Then oiva^ = a^+w o,nd /3y/3w — Pv+w for all v,w E Lq. Thus A := {ay;v G 
Lq} and B := {/3t,;w G £0} ire groups isomorphic to Lq. If Def{q) = (which 
is always case if char K ^2), then Q : V K : Q{x,w,y) — xy — q{w) is 
a well-defined quadratic form of Witt index 1. Suppose Def{q) 7^ 0. Then we 
may assume that there is an element e G Def{q) with q{e) — 1 (if not, we 
replace q by q{e)~^q. Set Kq := q(^Def{q)). Then {K, KQ,id) is an involutory 
set. If we define Q : V ^ K/Kq by Q{x,w,y) — xy + q{w) + Kq (here w is 
a preimage of w in Lq ), then Q is a well-defined pseudo- quadratic form. In 
both cases, Q has Witt index 1 and the two groups A and B are contained in 
0{Q) := {ifi G GL{V, K)- Q{z(p) = Q{z) for all z eV}. If X ^ {(0, 0, l)K} U 
{{q{w),W,l)K;w G Lq}, then X is the set of isotropic 1-dimensional subspaces 
of V. We write 00 for {1,0, 0)K and v for Kq{v),v,\)K . One can see that 
A is the centralizer in 0{Q) of 00, V/oo'^ and oc^/oo. Similarly, B is the 
centralizer of 0, and 0^/0. Thus G = {A,B) is a rank one group with 

unipotent subgroups A and B . Since [V, A\ < 00^, [00^, A] < (X and [00, A] = 0, 
V is a quadratic or cubic module for G. It is quadratic iffV = Def{q). One can 
easily see that Aq = {a^; v G Def{q)}, so Aq ^ I is only possible if char K = 2. 

Example 3.5 If G is a Suzuki group or a Ree group, then there is no cubic 
module for G. In case of the Suzuki groups, this follows by the fact that every 
Suzuki group contains a Frobenius group of order 20 which has only one non- 
trivial irreducible module in characteristic 2 which is not cubic. If G is a Ree 
group, then there is an element g G G with o{g) =9. So the minimal polynom 
of g can not be {X — 1)^ and g cannot act cubically. 

Example 3.6 Let {Lq, q) be a quadratic .space over a field K of type Ek with k G 
{6,7,8}. Let Xn.-.9.h. g. tt. e. Q as in Chapter 13 in fW^. SetV ^ Lq^Xq^Lq. 
For a G XQ,t G K and {u,x,v) G V let Q:(a,t) G GL{V) be given by 



Then we have 

{u, X, w)a(a,t)Ck(6.s) = {u,x -\- a ■ u,v -\- 0{a, u) + h{a, u) + tu)a(^b^s) — 
{u,x + a ■ u + b ■ u,v + 9{a, u) + h{a, x) + tu + 9{b, u) + h{b, x) + h{b, a - u) + .su) = 
{u, x+{a+b)-u, v+9{a+b, u)+h{a+b, x)+{s+t+g{a, b))u) — {u, x, v)a(^a+b,s+t+g{a,b)) 

by (13.37) in il9f . Thus A = {a(a.t);a G XQ,t G K} is isomorphic to the group 
S in (16.6) of \19f . Let r G GL{V) be given by {u,x,v)t — {—v,x,u) and set 
G = {A,t). Set Moo := {{0,Q,v);v G Lq],Mq = M^t = {(m,0,0);u G Lq} and 
M{a,t) := *^oa(a,i) = {{u,a ■ u,9{a,u) + tu);v G Lq] for a € XQ,t € K. We 
claim that if {a,t) ^ (0,0), then M(g^ i^T~^ = Mi^j^ g-^ with 



{u, X, v)a(^a,t) = {u,x + a ■ u,v + 9{a, u) + h{a, x) + tu). 



b = 



1 



(a • 7r(a) + ta) and s 



1 



{t + Q{a)). 



q{n{a) + te) 



g(7r(a) + te) 
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All citations will refer to U9f . We have 

b ■ {0{a, v) +tv) = b- e{a, v) + tb ■ v 

1 



-(aT:(a)9(a,v) + ta9{a,v) + ta ■ 'K{a)v + t a ■ v). 
q{Tr{a) + te) 

By (13.39) and (13.56) (li) we get 

b ■ {0{a, v) + tv) — —r-r\ ■ v + ta ■ {n{a) + n{a)) ■ v + t^a ■ v) - 

q{TT(a) + te) 

I I \ ^ a-{q{-K{a))+f[-K{a),te)+q{te))v = ——-\-——a-q(K{a)+te)v = a-' 
q{TT{a}+te) q(TT(a)+te) 



By (13.42) we have a ■ 7r(a) = a ■ (— 7r(a) + Q{a)e) = —a • 7r(a) + Q{a)a. By 
(13.35) and (13.37) we have 

e{b,w) = 

, , ^ — —-r{d{aTT{a),w) + {t+Q{a))'^9{a, w)-{t+Q{a)){h{a, aTi{a)w)-g{aTi{a), a)w)) 
q(n[a) + tey 

for w Cz Lq. With (a) and (b) in the proof of (13.67) we get 
1 

qin{a) + ttf 



e{b,w) = — — -—:r{q{TT{a))0{a,w)+{t+Q{a)f9{a,w)^{t+Q{a))Q{a)0{a,w)) 



^ (g(7r(a)) + tQ{a) + t'^)9{a, w) = ^ xo gC^^W + ie)f (a, w) 



q{nia)+te)^'^' " ' ' ' ' ^ ^ ' q{7r{a) + tef 

1 



-0{a, w). 



q{n{a) + te) 

Forw = 0{a,v) +tv we get with (13.28), (13.34) and (13.56) (Hi) 

e{b,e{a,v)+tv) = I 9{a,0{a,v)+tv) = | {e{a,e{a,v))+te{a,v)) 

q(Tr{aj+te) q[Tr{a)+te) 

q(TT[a) + te) 

Hence we get 

e{b, 0{a, v) + tv) + s{e{a, v) + tv) = 

1 



g(7r(a) + te) 



((Q(a) + t)0{a, v) - qiTT{a))v - (t + Q{a)){9{a, v) + tv)) 



^ {q{TT{a)) + tQ{a) + t^)v = — ^ — —q{-K{a) + te)v = -v. 



q{-K{a) + te) qi^^ia) + te) 

Thus we get 

M(b,s) = +tv,a- v, -v);v £ Lq} = M(^a,t)T^^- 
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With (32.10) in fWjl one sees that X {Moo} U {M(^a,t)]a e Xo,t e K} is a 
Moufang set with root groups isomorphic to A. Let N be the kernel of the action 
of G on X and set B := . 

If (j) G N, then 4> leaves Mq and Moo invariant, thus there are "011 "02 G GL{Lq) 
with {u, 0, 0)0 = 0, 0) and (0, 0, v)(f> = (0, 0, wV'2) for all u, w e Lq. Since 4> 
fixes M(o,i); we get for all u G Lq that (u, 0, u)0 — (w, 0,0)0+ (0,0, u)0 = 
(u'01,0,0) + (0,0, U02) = (u'01: Oj ""02) G Ml. Hence = 02 = 0-'- Set 
Aq :— {ck(o.f);i £ K}. // Cat Ao(^/-^oo) > Aq, then there would be a 1 ^ 

G CAr(V^/Moo)- Since stabilizes Mq, cj) centralizes Mq and thus also M^o- 
If V G Lq, a G Xq, t G K . then there is a u £ Lq with {v, a ■ v,tv + 9{a, v))4> = 
{v, a-v,u). But {v, a-v, tv + 0{a, v))<p G M(^a,t) o,nd hence (w, a-v, tv + 0{a, v))4> = 
{v,a ■ v,tv + 9{a,v)). If a £ Xq, then (j) centralizes (e, 0, 0), (0, 0, 0(a, e)) and 
(e, a, 0(a, e)). Hence centralizes (0,a, 0) and thus = 1. We conclude that 
Ao = CNAo{y/Moo)- This implies that N and Aq centralize each other. There- 
fore N stabilizes Cv{A{)) := {(0,a;,w);a; G Xq,v G Lq\. We conclude that 
A < CNAiV/Cv{Ao)). If equality doesn't hold, then again there is 1 ^ cj) G 
Cn{V/Cv{Aq)). We see again that centralizes Mq and Moo- If v £ LQ,a £ 
Xq, t £ K , then there are b £ Xq, v £ Lq with (u, a ■ v,tv + 0{a, v))(j) = (u, b, u). 
But (f,a • + 9{a,v))4> £ -M(q() and thus again {v,a ■ v,tv + 6{a,v))(f) = 
{v,a ■ v,tv + 9{a,v)). Again we may conclude that 0=1. It follows that 
A^Cna{V/Cv{Ao)). 

If a£ A*, then there is a unique b £ B* with [ANf = {BN)'', thus B''^ ' < 
AN. If Bq = Al, then Bq = CNBiV/Vo) and thus Bg''^' = Cna{V/Voo) = A). 
Moreover B = Cnb{V/Cv{Bo)) and thus B"'''' = C n AiV / Cy (Aq)) = A. This 
show that G is a rank one group with unipotent subgroups A and B. 

Example 3.7 Suppose that k is a field of odd characteristic, M a finite- dimensional 
k-vectorspace and G < GLk{M) which satisfies hypothesis (H) in 1181, hence 

(a) M = [M,G]. 

(b) G is generated by a set S of subgroups of G such that [M,A,A\ — for 
all A £ T, and {A, B) is a rank one group. 

(c) If a £ G is a quadratic element, then a is contained in an element of G 
iff with dim[M, a] is minimal. 

For A £ we set 

U{A) := y £ G; [M, ip] C Gm{A), [Cm {A), ip] C [M, A] and [M, A, <f] = 0}. 

Then [M, U{A), U{A), U{A)] =0. IfA,B£j: with A^ B, then by Proposition 

1 in \18^ we have that G = {U{A),U{B)) and G is a rank one group with 
unipotent subgroups U{A) and U{B). By definition, M is a cubic module for 
G. By (c) of [3Jl\ one sees that U{A)a = A for all A£T. holds. 

From now on, we assume that G = {A, B) acts cubically on a ZG-module V . We 
assume further that := Ca[[V,A]) n Ga[V/Gv{A)) ^ 1. Set G := {Ao,Bo) 
and Ho := NgMo) n iVG„(So). 
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Lemma 3.8 (a) Set Vq V, V^+i = [Vi,G] and W = n,>o y^■ Then W is a 
cubic module for G with W ~ [VF, G] . 

(h) Set Zq — Gv(G), let Z^+i he the preimage of Cy/^. (G) in V and set 
Z = lJj>Q Zi. Then V/Z is a cubic module for G with Cv/z{G) = 0. 

Proof. Suppose first \Aq\ > 3. Then Gq is perfect (1.1 in ^JJ^). Thus [V, Gq] = 
[F,Go,Go] and so / [V,Gq] < W. If [W,G,G,G] would be 0, then also 
[y, Go, Go, Go] = 0, which would imply [V, Go] = 0, a contradiction. Moreover, 
Zi < Gy(Go) for alH > and thus Z < Gv(Go) V. If [V/Z, G, G, G] would 
be zero, then also [F/Gv(Go), Go, Go, Go] = 0, a contradiction. 
Suppose Aq has order 2 or 3. Then again by Theorem 1.1. in [TB] either 
Go = 5*3 or G = S'L2(3). In the first case let i be a generator of Gq = A3, 
in the second let t be the central involution in Gq. In both cases we have 
V = Cv{t) © [V,t]. Thus ^ [V,i\ = [V,t,t] and so 7^ [V,t] < W. Again, 
[MK, Go, Go, Go] = implies = [W,t,t,t\ = [W,t,t] = [W,t\, a contradiction. 
Moreover, we have again Z < Gv{t) ^ V. If [V^/Z, G, G, G] = would hold, 
then again \V/Gv{t),t,t,t\ = 0, a contradiction. q 



From now on we will assume that [V, G] = V and Gv{G) = 0. 



Lemma 3.9 If V is a cubic module for G with [V, G] = V and ^ 1, then 
V, Aq and A/Aq are either elementary abelian p- groups for a prime p or V and 
Aq are torsion free and unique divisible and A/Aq is torsion free. 

Proof. Since [V, G] = V, we have [V/W, G] = V/G for every G-submodule W 
of V. This implies that either V — W or V/W is a cubic module for G. Suppose 
there is a prime p such that pV 7^ V. Then V/pV is a cubic module for G. This 
implies that A has exponent at most p^. Thus qV = V for all primes q ^ p. 
Since Aq acts quadratically on V, Aq has exponent p, and since the commutator 
map from V x Aq to Gv{A) is bilinear, we get [V, Aq] C Vp := {v € V;pv = 0}. 
Therefore Aq acts trivial on V/Vp, so the action of G on V/Vp cannot be cubic. 
Thus V = Vp and so pV = 0. Now the commutator map induces biadditive map 
from A/GAi[V,A]) x [V,A] [V,A] and from A/Ga(T^/Gv(A)) x V/GviA) to 
V/GviA). This shows that A/Ga{[V,A]) and A/GAiV/Gv{A)) are elementary- 
abelian p-groups. Thus A/Aq is an elementary-abelian p-group. 
If pV — V for all primes p, then V = nV for all natural numbers n, so V is 
uniquely divisible. 

Since the commutator map induces a bilinear map from x Ao to V, one sees 
that Aq is of exponent p iS V is. If V is torsion- free, then so is Ao. By 1.1 in 
[l6] we get that Aq is uniquely divisible, li a G A and n > 1 with a" G Ao, then 
n[v,a] = for all v G [V,A] and n[w,a] £ Gv{A) for all w eV. This implies 
a G Aq and so A/Aq is torsion free. □ 

We therefore can define a characteristic on V and A which is p ii V is an 
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elementary p-group and which is if is torsion-free and uniquely divisible. 
We will later see that if charV = 0, then also A/Aq is uniquely divisible (see 

EM- 

Example 13.41 shows that it is possible that A is abelian and Aq ^ 1. The next 
lemma shows that this can only happen if the characteristic of V is 2. 

Proposition 3.10 If A is abelian and Aq ^ 1, then A is an elementary- abelian 
2-group. 

Proof. Since A is abelian, the corresponding Moufang set is by [H] either 
special or non-proper (and thus G/Z{G) is a sharply 2-transitive permutation 
group). If G is special, then the claim follows by 14 . So we have to show that 
the last case cannot hold. 

Suppose that G/Z{G) is sharply 2-transitive. Then also the Moufang set corre- 
sponding to Go is non-proper. By [2], 11.48 there is a commutative field K with 
A ^ K*. By 1(2.5) and (3.1) in [TB], Go is a special rank one group. By g] 4.9 
(4) the order of Aq is at most 3. So V is an elementary abelian p-group with 
p — 2 OT p — 3. If p — 2, then the exponent of A is at most 4 since the minimal 
polynomial of every element of A divides {X — 1)^ and thus {X — 1)'^ = X^ — 1. 
Thus A is cyclic of order 2 or 4. In the first case A = F3 = Ao, a contradiction, 
in the second case G is the Frobenius group of order 20. But this group does't 
act cubically on a module of characteristic 2. 

Suppose p = 3. Since the minimal polynomial of every element of A divides 
{X — 1)^ = X^ — 1, A is elementary-abelian of order 3. Since A = K* for a field 
K, we get A^¥l ^ Aq, a contradiction. q 



If G = {A, B) is a rank one group which acts quadratically on a module V , then 
[V,G] = V and Cv{G) ^ implies V ^ [V,A] [V,B] = Gy(A) © CviB) (see 
2.1 (8) of [TT). In the cubic case, there is a similar decomposition of V. 

Lemma 3.11 (a) V = Cv{A) © [V,B]. 

(b) Cv{A) = [V,Aq\ = [V,a] for all a & A* . 

(c) [V, A] = Gv{a) for all a ^ A* . 

(d) If A is not abelian, then Cv{A) — \y,A^A\. 
Proof. 

(a) Set W := Cv{A) + [V,B]. Then both Aq and B operate trivially on 
V/W. Since G = {Ao,B), we get V = [V,G] < W. Similarly, both 
A and Bq operate trivially on [V,B] D Gv{A) and thus G = {A, Bo) < 
Gg([F, B] n CviA)). Thus we get [V, B] n Gy (A) < Cv{G) = 0. Hence V 
is the direct sum of Gy(A) and [V, B]. 
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(b) If a G Af, then [V,a] < Cv{A). Since G = {B,a), the equation V = 
[V, a] + [V, B] follows with the same argument as in (a) . Thus [V, a] = 
Cv {A) . Since [F, Aq] < Cy (A) = [V, a] < [V, Aq] , the remaining equation 
follows. 

(c) If a e Af , then by definiton [V,A] < Cy(a). Suppose there is a. v G 
Cvia) \ [V, A]. Now (a) implies V = [V, A]®Cv{B) and thus we getW := 
Cv{B) n Cv{a) ^ 0. But then G = (B, a) < Gg{W), a contradiction. 

(d) Since A acts quadratically on V/[V, A, A], we get I ^ A' < Ca{A/[V, A, A]) 
and thus [V,A'] < [V,A,A]. But since A' ^ I, we get Cv{A) = [V,A'] < 
[V,A,A] by (b). Since [V,A,A,A] = 0, we also have [V,A,A] < CviA) 
and thus equality holds. 

□ 

Lemma 3.12 (a) [V, A] n [V, B] = Cy(Go). 

(b) [V,A]^Cv{A)®CviGo). 
Proof. 

(a) Since Go = (Aq, Bq), we get Gy (Go) = Gy (Aq) flGy (Bq) - [V,A]n[V,B]. 

(b) Set Vo = [V,Ao] + [V,Bo]. Then Vq = [V,Go]. Suppose first charV ^ 2. 
By 4.2 (a) in [TJ, [Ij we get y Gv(Go) © Vq. Thus we have 

[V,A] (BGviB)^V^ Gv(Go) © Gy(A) © Gv{B). 

Since Gy(A) © Gv(Go) < [V,A], equality must hold. 

Now suppose charV — 2. If a G Af and b = b{a), then t := ab has order 

3. If u e Gv'(t), then v + [v^a] = va ^ vb = v + [u, b] and thus 

[v,a] = [v,b] e [y,Ao]n[F,Bo] =0. 

Thus Cv{t) = Cv{a) n Cv{b) = Gv(Go). Since V = [V,t] © Gy(t) and 
[V", < Vo we again get V = Vq S) Cv{Go)- 

□ 



4 The structure of Go 

We will fix the following notation. Let ^ e e be fixed and set /z = /Xe-i. 
If A has characteristic 2 and A is not abelian, we choose e in such a way that 
e = for an element a G A. For a G set /iq := /i/ia and /ii = 0. Let 
p:HU {hi} End{Cv{A)) : h /i|Gy(A). 

Lemma 4.1 IfvG Cv{A) and a G i/ie^ u/iq = vii+[v^, a] + [u/i, a, 6(a) "-'^j . 
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Proof. We have by definition ha = nb{a ^)ab{a) ^ and thus 

vha = vfib{a~^)ab{a)~^ = viiab{a)~^, 
since vfi G Cy(A)^ = Cy(B). Thus 

vha — {vjj, + [vji, a])b{a)~^ = vn+ [v/j., a] + [vfj., a, b{a)~^]. 

□ 

Corollary 4.2 (a) vha — [vf^,a] =vijl+ [viJL,a,b{a)~^] G Cy(Go). 

(b) If a & Ao, then vha = [^M;'^]- 

(c) p{hab) = p{ha) + p{hb) for all a,b€ Aq. 
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Proof. 

(a) By\nivha - [vfi,a] ^ vfi + [vfi,a,b{a)~^] G [V,A]n[V,B] = Cy(Go). 

(b) Eae A*, then vha - [vn, a] G [V, Aq] n [V, Bq] = 0. For a = 1, u/ii = = 
[vn, 1]. 

(c) For V e Cy (A), a, b E Aowe have vpQiab) = w^ah = = + b] = 
vha + vhb = wp(/ia) + W/o(/ib) and thus p{hab) = /o(/ia) + p{hh)- 

□ 

By 3.7 in [T71 , we get that J := {/r?(/ia);a G Aq) is a special quadratic Jordan 
division algebra in End{Cv {A)). Let i? be the subring of EndiCy [A] ) generated 
by J and S the subring of End{Cv{A)) generated by p{H). Notice that R is 
generated by p{Ho). Since p{p.'^) = —1 ([E], 3.2), for all r G i? there are 
elements hi G Hq with r = X^i /'(^^)■ 
Proposition 4.3 5'e< / : ^ X A ^ i?n(i(Cy(A)) : {a,b) ^ {v ^ [vfi,a,b]). 
Then: 

(a) f is hiadditive. 

(h) f{a, b'') = /(a, b)p{h) and f{a'\ b) = p{h-t')f{a, b) for all a,b e A and all 
h G Ho. 

(c) CAiV/CviA)) is the left kernel of f and Ca([V, A]) is the right kernel of 
/■ 

(d) f{a, b) - f{b, a) = p{h[aA]) for all a,b e A. 

(e) If the characteristic of A is 2, then f{a,a) — p{ha^). 
Proof. 

(a) Leta, 6,cgA. Then we have (a- 1)(c- 1) = in £'nd(l/). Thus we 
get (a6+l)(c-l) = (a+6)(c-l) and hence (a6-l)(c-l) = (a+6-2)(c-l). 
It follows 

vf{ab, c) = vp{ab ~ l)(c - 1) = vp{a + b- 2)(c - 1) = 

vn{a l)(c - 1) + vp{b - l)(c - 1) = w/(a, c) + vf{b, c) 

for ah V G Cv{A). We also get (a - l)(6c + 1) = (a - 1)(6 + c) and thus 
(a - l){bc - 1) = (a - 1) (6 - 1) + (a - l)(c - 1). This implies 

vf{a, be) = vp{a—l){bc—l) — vp{a—l){b—l)+vp{a—l){c—l) = vf{a, b)+vf{a, c) 

for all V eV. Therefore / is biadditve. 
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(b) We first claim that 

vfi{a-l)h{b- 1) = vf{a,b) 

for aU a,b ^ A, all v G Cv{A) and all h G Hq holds. We have v^{a — 1) = 
[vfi, a] — [ti/i, a] — vha + vha- Since [u/i, a] — vha G Cy (Gq), we get 

w/i(a — l)h — [vfi, a] — vha + vhah 

and thus 

v^{a—l)h{b—l) = [ti/i, a]{b—l) + ivhah — vha)ib—l) = [w/i, a, 6] = f /(a, 6), 

since w/iq/i — vha G C\/(v4) = Cy(A). 
We now get 

vf{a, b'') = v^i{a-l){b''-l) = v^i{a-l)h-\b-l)h ^ vf{a, b)h ^ vf{a, b)p(h) 
and 

vf{a^,b) = i;^(a'*-l)(5-l) = v ^ih'^ {a-l)h{b-l) ^ vh-f"'' fi{a-l)h{b~l) 

^vp{h-'^)fif{a,b), 
since fi"^ G Z{Go) ([ID, 3.2). 

(c) Suppose that a e A. Then f{a,b) = for all 6 G A iff [vp,a] G 
Cy(A) = Cv{A) for all w G Cv{A). Therefore f{a,b) = for all b e A 
iff [Cy(B),a] C Cv{A). Since F = [y, A] (S Cv{B) and [[F,A],a] C 
[V^, < Cv{A) by definition, this holds iff [V,a] C Cy(yl) and thus iff 
aeCA{V/Cv{A)). 

Similarly, f{b,a) = for all & G A holds iff [Cv{B),A] C Cy(a). Since 
V = Cv{B) ® [V,A] and [[F, A], A] C Cy(a), this holds iff [V,A] C Cv{a) 
and thus iffa G Ca([F,A]). 

(d) 

vf{a, b) — vf{b, a) ~ vfi{a — l){b — 1) — vfi{b — l)(a — 1) = vp,{ab — ba) = 

vfiba{a^^b^^ab — 1) = viiba{[a, b] — 1) ~ vii{[a, b] — l)ba = 

[vp, [a, b]]ba ~ [vp, [a, 6]], 

since [a, b] e A' C Aq C Z{A) and [vp, [a, b]] G [V, Aq] = Cy (A). Thus the 
claim follows. 

(e) vpf{a,a) = vp,{a — 1)^ = vp.{a? — 1) = [vp.a?] — vp{ha2) for all a G ^4 
and ah v G Cy(A). 

□ 
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Set A = A/Aq and a := Aqq for a ^ A. By the previous proposition, we 
can regard / as a biadditive map from A x A to End{Cv{A)). We will use 
the additive notation for A^ so o + 6 means A^ab for a,b & A and means the 
neutral clement in A. 

The map / is linked to the map a tn- p{ha) from A to S. 
Proposition 4.4 /(a, b) — p{hab) — p{ha) — p{hb) for all a,b & A. 
Proof. For v € Cv{A) we have 

vhab - b/Lt, ab] - {vha - [vjj,, a]) - {vhb - [vp., b]) e Cy(Go)- 

Thus 

vp{hab) - vp{ha) - vp{hb) - vp{ab - 1) + vp{a - 1) + vp{b - 1) = 

vp{hab) - vp{ha) - vp{hb) - vp{ab - a - b + 1) = 

vp{hab) - vpQia) - vpQib) - vf{a, b) e CviGo). 

But wc also have vp{hab) — vp{ha) — vp{hb) — vf{a, b) £ Cv{A). Since Cv{A) n 
Cy(Go) = 0, the claim follows. □ 

We immediately get 

Corollary 4.5 /(a, b) € S for all a,b€ A. 

The next lemma might be useful for an inductive approach. 

Proposition 4.6 (a) Ca{v) is a root subgroup of A for all v e Cv{Go). 

(b) IfW is a subgroup ofCv{Go), then Ca{V/{W+Cv{A))) is a root subgroup 
of A. 

Proof. 

(a) If a e Ca{v), b = b{a)~^ and a' = a(6)"\ then h = paba' € H. Thus 
vh = vpaba' = vba' = {v + [v, b])a' G Cv{Go) < [V, A] and so 

V + [v,b] e [V,A] and [v,b] S [V, A]. But v G Cv{Go) < [V, B] and so 
[v, b] G [V, A] n Cv{B) = 0. It follows b G Gb{v). Similarly, one can show 
that if 6 G Cb{v), then a{b) G Ca{v)- Thus the claim follows. 

(b) Let V G Cv{A) and a G Ca{VI{Cv{A) + W)). Let 6, a' and h as in (a). 
Then 

vh = vpaba' = [vp + [vp, a])ba' = (vp + [vp, a] + [vp, a, b])a'. 
Since vh G Cv{A), this implies 

vh = vp+ [vp, a] + [vp,, a, b] 
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and so 

vh - [vfi, a] = vfi + [vfi, a, b] E [V, A] n [V, B] = Cv{Go)- 

Nowvh-[vn,a] e Cv{Ga)r\iCv{A) + W) = W. Thus vn-[vfi, a, b] G W. 
Now Vfi — [vfi,a,b] = vfjL — [[w/i, a] — vha,b] — [vha,b] and so [vha,b] € 
W+Cv{B) since vfi-[[vn,a]-vha,b] G Cy(-B). This implies [Cv{A),b] C 
VF + Cv^B). SinceV ^ CviA)®[V,B] and[[V,B],b] C [F, B, B] C Cv(B) 
it follows that b G CB(T^/(Cy(i3) + W)). A similar argument shows that 
if 6 G Cb{V/{W + CviB))), then a(6) G Ca(F/(W^ + CviA))). Thus the 
claim follows. 

□ 

The map h i-^ of iJ will later be needed to define an anti-automorphism on 
R. 

Lemma 4.7 (a) p{h^^) = —p{ha-i) for all a E A. 

(b) p{h-^) ^ p{ha) for allaeAo. 

(c) h^h — h^^hah for all h £ H,a e A. 

(d) h-^'h e Ho for all heH. 
Proof. 

(a) We have h~'^ — p^^h^^p ~ p^^ p^^ p^^ p — p^^ha- Now p{p^^) = —1 by 
3.2 in [17]. Thus the claim follows. 

(b) If a G ^0, then -piha) = p{ha-^) bv l4.2f bV Thus the claim follows. 

(c) We have Pah ~ p^ ~ h^^pah and thus h^h — ph~^pah = h^^^ ppah = 
h^^ hah. Now p^ inverts every element in Cy{A) + Cy{B) und fixes 
every element element in Cy(Go). Since h stabilizes these two subspaces, 
we have [p'^,h] = 1 and thus /i^^ = h^^ . 

(d) This follows by (c) with a = e. 

□ 

Lemma 4.8 For all b E A, both p{h]y) and p{hf)) + 1 normalize R. 
Proof. For b E A, a E Aq wc have bv 14.71 

p{hb)~^p{ha)p{hb) = p{hb^)p{h'^)p{h~'')p{ha)p{hb) = p{heh'^)p{hah,) G R 
and 

p{hb)p{ha)p{hb)~^ = p{hb)p{h~'')p{h'^)p{ha)pih-^^) = PiKh7'^)PiKh7') e R- 

b b 

Thus p{hb) normalizes R. This also holds for p{hbe) = p{hb) + 1. □ 
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Proposition 4.9 Suppose that R has only finitely many maximal ideals and 
that if X € R has an inverse in S, then € S. If J is not commutative, then 
R = S. 

Proof. Let Z{J) ■.= {xgJ;x + *8(i?) G Z{R/^{R))}. If M is a maximal ideal 
of R and x e J with x + M e Z{R/M), then [x, y]'^, [x, y,z] € M nJ = 0. Thus 
[x,y] is nilpotent, and since J C Cfi{[x,y]), we get [x,y] G Z{R). Therefore 
[x,y] G *B(i?) and so x + G Z{R/^{R)). Therefore the preimage of 

Z{R/M) in J is just Z{J) and doesn't depend on M. Note that J/Z{J) is 
either a vectorspace over Q or a infinite-dimensional Fp-vectorspace. Therefore 
J/Z{J), regarded as additive group, contains infinitely many cyclic subgroups. 

Suppose that b G A with p{hb) ^ R. Then p{hb)~^ ^ R and p{hba) ^ R for 
all a G Aq. Since J/Z{J) contains infinitely many cyclic subgroups, there are 
a,c G Aq and a maximal ideal M of R such that Ip(hba)i^p{hbc) — ^ ^"^^ such. 
that p{ha), p{hc) are not in Z{J) and the groups generated by p{ha) and p{hc) 
in J/Z{J) are distinct. Thus also p(/iac-i) ^ Z{J). By replacing p{hb) through 
p{hbc) and a by c~^a, we may assume I p{hi,) ^ I p{hba) — ^ ^^'^ p{ha) ^ Z{J). 
Therefore 

W - {p{hb) - iy^u{p{hb) -1),U- {p{hba) - l)-^u{p{hba) " 1) G M 

for all u e R. We got 

p{hb)u - up{hb) = -u + p{hb)u - up{hb) -\ru = 

{p{hb) - l)u - u{p{hb) - 1) G {p{hb) - l)M C p{hb)M + M 
and similarly 

Up{hb) + Up{ha) - p{hb)u - p{ha)u = {p{hba) - 1)U - U{p{hba) - 1) 

e {p{hba) - 1)M C p{hb)M + {p{ha) - 1)M = p{hb)M + M. 
Thus we get 

upiha) - p{ha)u G {p{hb)M + M)r\R=: Jb- 

We see immediately that Jb is a right ideal of R. Moreover, for all u,v & M 
and all s G i? we have 

s{p{hb)u + v) = p{hb)p{hby^sp{hb)u + sv € p{hb)M + M. 

This shows that Jb is also a left ideal of R. If Jb = R, then there are u,v G M 
with 1 = p{hb)u + V. This implies 1 — v = p{hb)u G RCi p{hb)R = Ip(hh) ^ ^ 
and thus l^\-v + vGM,a, contradiction. Thus {p{hb)M + M) Ci R R. 
Since M C {p{hb)M + M) n iJ, we get M = {p{hb)M + M) f] R. But now we 
have up{ha) - p{ha)u G M for all « G i? and thus p{ha) + M G Z{R/M). But 
this implies p(/ia) S .^(J), a contradiction. We conclude p{hb) G R. □ 

Corollary 4.10 If R = J is a skewfield, then R is commutative. 
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Proof. If J = i? is a non-commutative skewfield, then J is not commutative 
and so R — S bv 14.91 But ii b £ A \ Aq, there is a a € Aq with p{ha) = —p{hb) 
and so p{hab) = p{ha) + p{hb) — 0, but a& 7^ 1, a contradiction. q 

Proposition 4.11 (a) IfcharR ^ 2, then CaHV, A]) = Aq = Ca{V/Cv{A)). 
(h) If char R — 2 and R is not a commutative field, then Aq — Cyi([V, A]) = 

CAiyiCv[A)). 

Proof. Set Ai := Ca([1^,A]) and A2 := Ca(WCv(^)) and define B^.B^ < B 
the same way. Then by 14.61 Ai and A2 are both root subgroups of A which 
contain Aq and which act quadraticahy on V. Thus Ai and A2 are speciaL Since 
Aq is a iJ- invariant subgroup of Aq, Theorem 1.2 in [14^ implies Ai = Aq = A2 
if charV ^2. 

Suppose charV = 2 and let a G Ai. Then a) = for all b € A. If a is not in 
A2, then there is an element b G A with f{a, b) ^ 0. Thus 7^ p{h[a,b] ) = f^J^)- 
Now for c, ci e and /i = h'^J^i^^h^h^, we get 

p{hc)p{hd) = f{a,b)p{h) ^ /(a,^'') p(/i[a,6'«]) e J. 

Thus J is multiplicatively closed and so R — J. Since every element in J"^ 
is a unit, J is a skewfield. We can apply 14.101 and conclude that i? = J is a 
commutative field if Ai ^ Aq. 

For a € A2 and 6 G A we have f{b,a) — p{h[b,a]) and thus can use the same 
argument. q 

We will now define a i?- module structure on A. For a G A and hi, . . . ,hn G Hq 
set a^:.''. = E^a'*-. 

Proposition 4.12 T/ie map ■ : A x R ^ A defined by a ■ ■ p{hi)) = a^* 
for hi G -ffo is well-defined and defines a R-module- structure on A. 

Proof. We only have to show that if hi, . . . , G Hq with X^iLi Pi^i) = 0' then 
also a^'=i = 0. Suppose that hQ, . . . ,hn G Hq are chosen that way. Then for 
all a,b £ A we get 

n n 

= /(a,6)^p(/iO = /(a, ^6"') - /(a, 6^'^^ 

1=1 i=l 

Thus . . . G Ca{[V, A]). If Ao = Ca{[V, A]), then 6^'=^ = 0. If Aq ^ 
Ca{[V, A]), then i? is a field of characteristic 2. Thus Hq is abelian and p{h~^) = 
p{h) for aU /i G i?o bydJl Thus 

71 71 71 

j=i 1=1 1=1 

Hence we also get b^^ . . . fe''" G CA(y/Cv{A)) and so the claim follows. □ 
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Corollary 4.13 // charR ^ 2, then G is quasi-simple and thus generated by 
the conjugates of Aq . 

Proof. If charR ^ 2, then [A, iJ] = A. Moreover, A! is a ff-invariant subgroup 
of Aq and thus either A^ = A ox A! — \. This shows A < G and thus G is 
perfect. Therefore G is quasi-simple by 1(1.10) of [16]. The conjugates of 
generate a normal subgroup of G and so the last claim follows. q 

Lemma 4.14 If A is abelian, then R/'l&{R) is a commutative field of charac- 
teristic 2. 

Proof. By 3.10 R must have characteristic 2. Since A is abelian, we have 
[a, b] = 1 for all a,b e A and thus /(a, b) = f{b, a) by US] (d). We set 
/ := {r G R;f{a,b)r = for aU a, 6 G A}. Then / is a right ideal of R. If 
r £ I, s £ R and a, 6 G A, then /(a, b)sr = f(a, b ■ s)r — and thus / is an ideal 
of R. Of course I R, otherwise /(a, 6) = for all a,b G A and thus G would 
act quadratically on V. Let a,b € A and r, s G R. Then 

f{a, b)rs = f{a, b-r)s ^ f{b ■ r, a)s ^ f{b-r,a- s) ^ f{a ■ s,b-r) ^ f{a- s, b)r = 

f{b, a • s)r = f{b, a)sr = /(a, b)sr. 

Thus rs — sr G /. Hence R/I is commutative. Since R/ 1 is an envelope for J, J 
is commutative. Thus the universal semi-prime envelope of J is a commutative 
field bv 12.61 Since R/^{R) is a semi-prime envelope of J, the claim follows, q 

For n £ Zi set = /ig". Note that = np{hi) = n and that a^" = a" for 

all a G Ao. 

Lemma 4.15 For all a £ A and all n £ Z such that n — 1 and n are relatively 
prime to the characteristic of A, there is a b £ A with a = b and &" = b^" . 

Proof. We have a'*" = a ■ p{hn) = a" = a", so a; = a'^"a~^^ £ Aq. Since the 

characteristic of A doesn't divide n(n — 1), there is ay £ Aq with 

Set b = ay. Then b''" = a''"?/''" = a"a;?;"' = a"y" = (ay)" = 6". g 

Lemma 4.16 // the characteristic of A is not 2, then for all a £ A there is 
b £ A with a = b and f{a,a) — 2p(hb). Especially f(a,a) is a unit in R for 
a ^ Aq. 

Proof. Choose b £ A with a = b and b^ = b'^^. Then f{a,a) = p{hy2) — p{hb) — 
p{hb) = hj,h2 - hb - hb = p{h2^hbh2) - 2p{hb) = /3(/i^'^)p(/ib)p(/i2) - 2p{hb) = 
p{h2)p{hb)p{h2) - 2p{hb)Ap{hb) - 2p{hb) = 2p{hb). If a ^ Aq, then b^ 1 and so 
p{hb) is invertible. q 

We will now show that the anti-automorphism h ^ h~^ extends uniquely to 
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an anti-automorphism * of R. Note that this is clear if Hq is abehan and that 
* is just the identity or R in this case. This holds by 14.71 (b) and since Hq is 
generated by the elements ha with a G Af . 

Proposition 4.17 There is a unique involutory anti- automorphism * of R with 
p{hb)* ^ pih-") for allbeAo. 

Proof. The map h i-^ /i^'' is an anti-automorphism of Hq. Since R is gener- 
ated by p{Hq), there is at most one possibility to extend this map to an anti- 
automorphism of R. We have to show that if /ii, . . . , /i„ € Hq with J27=i Pi^i) = 
0, then also Y^=iPQ\^) ~ 0- this case, the map * with = 
Sr=i pQt'J^) for /ii, . . . , /i„ e i?o is a well-defined anti-automorphism of R. 
Suppose that hi, . . . ,hn G Hq with J27=i Pi^i) — 0- ^^e remark above and 
by mm we may assume that A is not abelian. Thus by 14. 31 (d) and bv l4.16l there 
is an element a E A such that /(a, a) is a unit in R. Therefore we get 

n n n 

= /(0,a) = f{a-J2pihi},a) = ^ /(a • = ^ p(/i,r^)/(a, a). 

i—l i—1 i—1 

This implies J27=i Pi^7^) — as desired. □ 

Proposition 4.18 (a) The map f : A x A ^ S is *-sesquilinear. 

(h) If J is not a field of characteristic 2, then f is non- degenerate. 

(c) If J is commutative, then the map (., .) : ^ x A — > i? : (a, 6) i— >■ f{a, b) — 
f{b,a) = p{h[a,b]) is alternating R-bilinear map. 

Proof. 

(a) This follows by|13](a) and (b), 4.5, 4.12 and 4.17. 

(b) This follows by 1131(c) and 4.11. 

(c) If J is commutative, then * is the identity, so / is i?-bilinear. Bv l4.3l (d). 
(a, b) — f{a, b) — f{b, a), so (., .) is also i?-bilinear. It is clear that (., .) is 
alternating. 

□ 
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Lemma 4.19 If char R ~ 2 and A is not ahelian, then J is ample in R. 

Proof. Since A is not abelian, there is an element a £ A with a^ = e. Thus 
f{a,a) = p{he) = 1. If r £ R and b £ A with h — a-r we get r*r — f{a-r,a-r) = 
f(b,b) = p{hh2) £ J. This also implies 

r + r* = (r + l)*(r + l)+r*r + l e J. 

Now set Nb.{J) ■■= {r G R: r*Jr C r}. Then J C Nr{J) since pih)* p{ha)p{hb) = 
p{hahh) e J for all a,6 e Aq- If s e Nii{J), then (rs)*J(rs) = s*r*Jrs C 
s*Js'^J and so also rs £ J. For x £ J, we get 

(r + s)*a;(r + ,s) = r*a:;r + s*a;s + r*a::s + s*a;r = r*a;r + s*a;s + r*a;s + (r*a;s)* S J, 

thus r + s G iVj^(J). Hence Nfj{J) is a ring containing J; since J generates R 
as a ring, we get R — Nr{J). q 

Theorem 4.20 (a) If char R ^ 2, then R is a skewfield. 
(b) If char R — 2, then one of the following holds: 

(i) R/^{R) is a skewfield. 

(ii) R/'i8{R) K X K° for a skewfield K and * induces the exchange 
involution on R. 

Proof. 

(a) If r e i? and a £ A\Aq with a-r — Q, then = /(a, a-r) — f{a, a)r. But 
/(a, a) is a unit in R since a ^ A^, thus r — Q. So if r 7^ 0, then a • r ^ 
and thus fia -r,a- r) is again a unit. We get r* f{a, a)r = f(a -r^a- r) and 
rf{a,a)r* — f(a- r* ,a ■ r*). Hence r is invertible. 

(b) If A is abelian, then the claim follows by 14.141 If A is not abelian, then 
J is ample in R. By Theorem 2.1.8 in [7], R/'^{R) is either a skewfield, 
or R/'^{R) is commutative and * induces the identity on R/^{R), or 
R/^{R) is the direct product of a skewfield and its opposite and * in- 
duces the exchange involution on i?/*B(i?), or i?/*B(i?) = Mat2{F) for a 
commutative field F and * induces the standard involution on R/^{R) 
(which is given by 



for x,y,z,w G F). If R/^{R) is commutative, J must be commutative 
as well. Since R/^{R) is the semi-prime envelope of J, R/'^{R) must 
be a field. Suppose the last case holds. Let J be the image of J in 
R := R/^{R). Since J contains all traces, Z{R) C J. Since R is generated 
by J, J cannot be Z{R). Therefore there are x,y £ F with 
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Since every element in J"^ is invertible, neiter x nor y can be 0. But since 
J is ample in i?, we get 

/O 0\/0 X \ ( Q Q \ _( X y \ _ f 0\ -j 
[l )[y 0- )[l )-[z w )-[x Oj^-^' 

a contradiction, since every element in J# is invertible. Thus the last case 
cannot hold. 

□ 

Theorem 4.21 If J is not commutative, then R = S and R/^{R) is a skew- 
field. If charR ^ 2, then R is a skewfield. 

Proof. Bv 14.201 R/^/ (R) and therefore R has at most 2 maximal ideals. So 
we can apply HH] and conclude R = S. Because of 14.201 we only have to show 
that if charR — 2, then R/^{R) = K x K° for a skewfield K is not possible. 
Suppose that R/^{R) — K x K°. Wc denote the anti- isomorphism induced 
by * an K X K° also by *. There is an anti-automorphism cj) : K ^ K° such 
that {x,y)* = (y"*" for x e if,?/ e K° . Thus the image of J is the set 

{(x, X*); X £ K}. lib £ A\Ao, then p{b) is mapped on (x, y) with x G K, y G K°, 
But then there is a a £ Aq such that p{ha) is mapped on (x, x''^) and so p{hba) 
is mapped on (0,x'^ + y), a contradiction, since p{hba) is invertible. □ 



In the most cases is actually and so i? is a skewfield. 

Proposition 4.22 If J is not commutative and'i8{R) ^ 0, then either R/^{R) 
is a biquaternion algebra, * induces a symplectiv involution on R/^{R) and 
J = ~ {a + a*; a £ K}, or R/^{R) is a quaternion algebra. 

Proof. Set K :== R/^{R) and let Kq be the image of J in K. Then there 
is a Jordan isomorphism (f> : Kq ^ J. If Z^siKo) ^ 0, then by the Z-algebra 
Theorem ([lO]) (p can be extended to an associative homorphism (j) : K ^ R. 
Since J C im0 and J generates R, we have R — imcf) = K. Now 2.6.5. in |9] 
tells us that Z4s{Ko) — implies that either X is a biquaternion algebra, * a 
symplectic involution and Kq = K^, or if is a quaternion algebra. r-i 



5 Irreducible submodules of V 

In this chapter we will show that if i? is a skewfield, then one can reduce to 
the case that V is irreducible as a G-module. We will not need any finiteness 
assumption. We define 

$ : CviA) X A^ Cy(G'o) : (w,a) ^ [vfi,a] - vha- 

This is well-defined bv l4.2l This important map reveals the connection between 
land CviGo). 
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Lemma 5.1 (a) ^ is a biadditive map from Cy(A) x A to Cv{Go). 

(h) <^{vh,a) = ^{v,a^~'') for all v G Cy(^),a G A and h G Hq. 

(c) Ca{V/Cv{A)) is the right kernel of ^. 
Proof. 

(a) It is clear that + w,a) = a) + a) holds for all v,w & Cv{A) 
and all a,h €: A. If w G Cy (A) and a, 6 G A, then 

a&) = [vn, ab] — vhab = —v^ + vjiah — vha — vhb — vf{a, b) = 

—Vfj,+{v^+[v^,a])b—vha—vhb—vf{a,b) — —v^+v^b+[vfi,a]b—vha—vhb—[vi2 
[v^, a] — vha + [v^J,, b] — vhb + b/i, a, b] — [vfi, a, b] = 
[viJ, a] — vha + [w^, b] — vhb = ^{v, o.) + b). 

(b) For V G Cv{A),h G Hq and a G ^ we have ^{v,a) G Cv{h~^). Thus we 
get 

[vhiJ,,a]-vhha = {[viJ.h^ ,a]-vhha)h~^ = -vijLh''h~''+v^ih^ah~^-vh^hah~^ 

-vjjL + viia^ " - vhah-)' = [vM, "] - vhah-t^ = ^{v, "). 

(c) Suppose a€: A with [vfjb, a] — vha = for all v G Cy(^). Then we have 

[V, a] = [[V, A] © Cv{B),a] < (A) + [Cy (A)^, a] < Cv{A) 
and thus a G CA(1^/Cy (A)). If a G CA(F/Cy(A)), then 

[vi^, a] - vha e Cv{A) n Cy(Go) = (^) n [V, B] = 0. 
Thus the claim follows. 

□ 

The right kernel of $ contains Aq by (c). Therefore we may regard $ as a map 
from Cv{A) x A to Cy(Go). 

Let be a i/-submodule of Cy(A). We set X{W) :=W+Wii + A). 
Then we have: 

Lemma 5.2 (a) X{W) is a G-submodule ofV. 

(b) X{W)r\Cv{A) =W,X{W)f^Cv{B)=W|l. 

(c) [X{W),A]=W + ^{W,A) and X{W) r\Cv{Go) ^ <^{W,A). 

(d) X{W) is the direct sum ofW^WjjL and ^{W,A). 



28 



(e) W is a irreducible H-module iff X{yV) is a irreducible G-module. 

(f) V is a completely reducible G-module iff Cv{A) is a completely reducible 
H-module. 

Proof. 

(a) We only have to show that X{W) is normahzcd by A and by fi since G = 
{A,n). liw€W, then w/x G VF/x C X{W) and w'n^ = -w eW C X{W). 
Moreover, ^{W,A) C Cv{Gq) C Cy(/u), so X{W) is /U-invariant. Suppose 
a,b G A and w G W. Then wa = w G W, 

w^a = wfi + [wfi, a] = wfi + [wfi, a] — wha + wha = 

wjjL + a) + wK GW11 + ^{W, A) + W = X{W) 

and 

b)a = {[wji, b] — whii)a — [w/i, b]a — whi, — [w/i, b] + [wn, b, a] — whj, 

= 4>(u', b) - wf{b, a) e <^{W, A) + WC X{W). 
Thus the claim follows. 

(b) This is clear since V = Cv{A)®{Cv{Go))®Cv{B) and W C Cv{A), Wn C 
CviB) and ^{W,A) C Cy(Go). 

(c) We have W = [Wfi,Ao] < [X{W),A] and so $(w,a) = [wiJ,,a] - vha € 
[X{W),A] + W = [X{W),A], thus W + ^{W,A) < [X{W),A]. Since 
[W^i, A] < ^(W, A)+W, [<i>{W, A), A] < W and [W, A] = 0, we get equality. 
Surely <S>{W,A) < Cy(Go). Since {W + Wn)r]Cv{Go) = 0, equality must 
hold. 

(d) This follows from (b) and (c). 

(e) Suppose W is a. irreducible iJ-module and let 7^ y be a G-submodule of 
X{W). Then [Y,A] ^ 0. If [Y,A,A] = 0, then [Y,A] C Gy(A) = Cv{A) 
and so Cv(A) n F 7^ 0. If [Y, A, ^] ^ 0, then of course we also have 
YnCv{A) 0, so this holds in any case. Since Y nCv{A) C X{W)n 
Cv{A) = W and W is a irreducible ff-module, we get Y n Cv{A) = W. 
Then also D Y and a) = [wiJ., a] - wha G F + = y for all 
wGW,aeA. Thus Y = X(W). 

If 7^ Wo 7^ M/' is a if-submodule of W, then X{Wo) is a G-submodule 
of X{W) with X{Wo) n Cv{A) = Wo^W = X{W) n Cv{A) and thus 

X{Wo) + X{W). 

(f ) Suppose Gy (A) = X] j£ J Wi is a direct decomposition of Gy (A) as a 
sum of irreducible il-modules. We claim that V = -^O^i) ^ 
direct decomposition of ^ as a sum of irreducible G-modules. If X := 
J2iei^0^i)' then Gy(A),Gy(S) C X and so Aq < CaiV/X). This 
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implies G = ACaiV/X) and V = X + (Cv(Go)). But then we have 
[V,A] C [X,A] + Cv{A) C X and so [F/X, A] = 0. This implies X = V. 
Suppose that the sum is not direct. Then there is an element i G / and a 
finite subset Jo of / with i ^ Iq and X{W^) n (Ejs/o ^i^j)) ^ 0- ^i^ice 
X(Wi) is a irreducible G-module, this implies X{W^)°r\J2jeio ^i^j)- But 
then we also have Wi = X{W^) n Cv{A) C CviA) n (Ejs/o ^(^j)) = 
^^■gj^ as one can easily see. But this is a contradiction since the 

decomposition of Cv{A) is direct. 

Suppose V = J2iei ^« such that Vi is irreducible for alH G / and that 
this sum is direct. Then, as seen in (e), Vi n Cv{A) ^ 0. Therefore 
^ X(y,n CviA)) and so = X{V, D CviA)). Since is irre- 
ducible, it follows by (e) that Vi fl CviA) is a irreducible iJ-modulc. Set 
W = E^e/(^» n C'y(yl)). Then = X(Cy(A) n F,) C X(W) for alH G 7 
and so XiW) = Thus = XiW) n Cy(A) = F n CviA) = CviA). 
Since X^ie/ ^» direct, also X]iG/(^^(^) direct. 

□ 

Corollary 5.3 If S is a skewfield or a finite- dimensional central- simple algebra, 
then V is a completely reducible G-module. 

Proposition 5.4 Suppose that R = S and that A is not abelian. IfvG CviA) 
with a) = for all a € A, then v = 0. 

Proof. Let W = vR. Then W is iJ-invariant since R is generated by piH). If 
r & R, then r = J27=i ^^^^ hi e Hq. Thus for all a G ^ we get 

n n n 

$(ur,a) = $(^w/i,,a) = ^$(w/i„a) =^$(w,a'''~'') =0. 

i—1 i—1 i—1 

Thus W®Wn = XiW) is a quadratic G-module. Thus ^/Ga(X(W^)) must be 
abelian. We conclude Wfi < Gy(a) for all a G Aq. Since 1 ^ A' < Aq, we get 
W^^ObyEIl □ 

Lemma 5.5 If R — S and W C CviA) is H -invariant, then [XiW),G] = 
XiW) andCx(w)iG) =0. 

Proof. Cx(w)iG) = is clear since Gy(G) = 0. XiW) = [X(VF),G] follows 
with[0;c). □ 

Suppose that charR — 2, J is not commutative. Then R = S and i?/*8(i?) is 
a skewfield. Moreover, A is not abelian, so there is c G A with /(c, c) = 1. Let 
W < CviA) be a finitely generated i?-module. Define Ai := {a G A; /(a, 6) G 
«B(i?) for aU 6 G A}, Hi := {nfia^aG Ai} and X(W^) := X(W^)/(X(W^<B(i?)) + 
$(W^, Ai)).Then we have: 
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Proposition 5.6 IfWy^O, then ^ X{W) is a cubic module for G with Ai = 
CAi[X{W),A])nCA(X{W)/Cxi_wM))' X{W) = [XiW),G] andCT^^^^(G) = 
0. If R' is the subring of End{X(W)) generated by Hq, then R' = R/m{R). 

Proof. First note that [<^{W,Ai),A] < W^{R) and <^{W,Ai) < CvifJ.); this 
imphes that X{W^{R)) + ^{W,Ai) is a G-submodule of X{W). If ^ 0, 
then W ^ VF*8(i?) by the Nakayama Lemma (note that *8(i?) C J(i?)). Thus 
we also_get X{W)^ X{W^{R))_ + <^>{W,Ai). Now X{W)_^ [X{W),G] and 
thus_[X{W),G] = X{W). Thus [X{W),G,G,G] ^ and [X{W),A,A,A] = 0, 
so X{W) is a cubic module for G. 

Suppose that z e ^(^^^(G). Since K = R/^{R) is a skewfield, W/W^{R) is a 
finite-dimensional vectorspace over K. Let {?IJi , . . . , W„} be a i^T-basis of W and 
let wi, . . . , be their preimages in W. Then W — wiR + . . . + WnR + W^{R) 
and so = wiR + . . . + w„i? Thus there are x,y G W,ai,...an G A with 
z = x + $(wi,ai) + ... + $(w„,a„) + yfi + X{W^{R)) + ^{W,Ai). We get 
= [z, e] = [y, e] + X{W^{R)) + ^{W, Ai) and thus y = [y^i, e] G W^{R). If 
we apply fi, we get x G iy*B(i?). For all a G ^ we have 

= [z, a] = wifiaua) + ... + Wnf{an,a) + XiW^{R)) + $(1^, Ai) 

and therefore 

wif{ai,a) + ... + Wnf{an,a) G W^{R). 

Since wJi , . . . , ?U„ are if-linearly independent , this implies / (ai , a) , . . . , / (a„ , a) G 
*B(i?). Thus ai, . . . ,a„ G Ai and so z = 0. 

By O (b) one^es that Ca(X{W)) is just the image of W in Thus 
Ca{X{W)/Ga{X{W))) — Ai. Since J is not commutative, we also have 
Ai = Ca{[X{W),A]) bymH _ 
Since Hi < H, the ring R' is contained in the image of i? = S* in End(X(W)). 
Now ©(i?) annihilates 'X{W) by construction. Thus we get R' = R/^(R) which 
is a skewfield. □ 

This proposition shows that we can assume that i? is a skewfield if J is not 
commutative. 

6 A pseudo-quadratic form on A 

In this section we will assume that J is not commutative and that = 0. 

Thus i? is a skewfield with involution *. We have J C H{R, *). If charR — 2, 
then J is ample in R. 

Lemma 6.1 (a) If a E A, then p{ha) E J iff a E Aq- 
(b) IfcharR ^ 2, then p{ha) G H{R, *) iff a E A^. 
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Proof. 



(a) Let a E A with p{ha) G J. Then there is b E Aq with p{hi,) = —p{ha) and 
thus p{hab) = p{ha) + p{hb) = 0. Thus ab = 1 and a = b^^ G Ag. 

(b) Suppose that a E A with -pih^-i) = {p{ha))* = p(ft.a)- Then for 6 G 
we have p(ft.afc)* = (p(/ia) + p{hb))* = p(/iq) + p{hb) = p{hab)- Bv l4.15l we 
may thus assume that a*^-^ = a^^. So we get 

p[ha) = p{ha)* = -p{ha-i) = -p{h^h_^) = -p{h-ihah-i) = -p{ha) 

and so p{ha) — 0. This forces a = 1. 

□ 

Lemma 6.2 W^e have p{h^^) = p(/i)* /or all h E H. 

Proof. We consider the action of GqH on X :— Cv{A) © Cy(i?). We regard 
i? as a subring of E :— End{Cv{A)). The map p induces an automorphism 
between Cy {A) and Cy (B) . Thus we can regard X as a free i?- module of rank 
2. Therefore we get a homomorphism ^ from GqH in the group of aU invertible 
2 X 2-matrices over R, such that the image of a G is 

1 

Piha) 1 



while p is mapped to 



and ha is mapped to 



1 
-1 



p{ha) \ / p{ha) 

piha)-^ / V /^e^-)' 

For & G j4 there is an element y E R such that the image of hb is 

X 
y 



with a; = p{hb). We get 
Thus we have 



1 



y ^p{ha)x={y ^ p{ha)x)* ^ X* p{ha)y * 

and hence 

p{ha) = yx* p{ha)y~*x~^ = {yx*)p(ha)(yx*y 
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for all a e Aq. If we take a = e, we get {yx*)~^ = {yx*)~* and thus (yx*)* = 
yx*. Therefore we have {yx*)p{ha){yx*)^^ = p{ha) for all a S Aq. Since R is 
generated by p{Ho), we conclude yx* £ k :— H{Z{R), *). Thus for all b e A# 
there is a wt, G /c with 



ah 



Pih) 
p{hby*ijjb 



Of course, = 1 for all a E Aq. We have hf^^ = {jj ^ ppbp) ^ = p ^ p^ ^ 
p^^Pb-i — p^hfj-i and thus 



-p(Vi) 0^ 
~p{hi,-iy*ujb-i 



^ f pihTu;^' \ 

I -pih)-' ) ■ 

Hence p{hb)* — —uJbp{hi,-i) = ujbpihb'^) for aU b e A. For a e Aq we get 

p{ha) - UJbp{hb-i) = p{ha)* + P(ft-6)* = P{hba)* = 
-UJabp{ha-ib-^) = -^^ab{p{ha-i) + P{hf,-i)) 
= Uabp[ha) - OJabPih--!-)- 

We get 

(1 - UJab)p{ha) = (^6 - UJab)p{hb-i)- 

If 1 — ujab 7^ 0, then also tJb — ^ab ^ and so 

p{hb-l) = {oJb - UJaby^i^ - UJab)p{ha). 

If charR ^ 2, this forces p{hb-i)* = p{hb-i), a contradiction to 16. II If charR = 
2, then J contains all traces by I4.19[ thus there is a £ Aq and r E R with 
piha) — r + r*. Thus 

p{hb-i) = {ujb - ujaby^i^ - i^ab{r + r*)) = 

{uJb - WQb)"^(l - UJab)r + {{uJb - WQb)"^(l - UJab)r)* € J 

by 14.191 again a contradiction to 16.11 So Wb = 1 for all b G A"^. Thus p{hb)* = 
-p{hb-i) ^ pih^^) ior allb & A. □ 



Lemma 6.3 / is *-skew-hermitian. 
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Proof. For all a,b G A we have f{a, b) 
f{a,by = p{Kb)* - p{ha)* - p{hb)* 



= p{Kb) - p{ha) - p{hb) and so 

= -P(/I(a6)-1) + PiK--^) + P{h-^) = 

-fir\a-')^f(b,a-') = -f(b,a). 

□ 



Lemma 6.4 If char R 7^ 2, then J = H{R, *). 
Proof. For all a,b G A we have 

f{a,b) + fia,br = .f(a,b) - f(b,a) = £ J. 

Since A is not abelian, there are a,b & A with [a,b] ^ 1 and thus p{[a,b]) ^ 0. 
For all r e we get f{a,b ■ f{a,b)~^r) = r and hence r + r* G J. Since 
charR ^ 2, we have -ff (-R, *) = {r + r*;r G R} and thus the claim follows. □ 

Lemma 6.5 The the map tt : A/Aq — >■ R/J : b + Aq p{hb) is a pseudo- 
quadratic form with associated bilinear form f. 

Proof. We first note that tt is well-defined since 

piKb) = p{ha) + Pih) = pih) mod J 

for ail a G Ao,b £ A. Since r + r* G J for all r G i? in any characteristic, we 
have r* = r* — {r + r*) = —r mod J. If r G R, then there is a natural number n 
and elements hi, . . . ,hn G Hq with r = Yl^^i p{hi). Thus if b G A, then we get 

n 

7r(6-r) = 7r(6-/ii+. . .+6-/i„) = p( Vi ...b^n )+^ = '^(^6"' ' )+-^ = 

z=l i<j 

n 

J2 PihJ^hbhi) + J2 P{h;^)f{b,b)p{hj) = 

i=l i<j 

n 

^p{hirp{hb)p{hi)+j2p{hirf{b,b)p{hj). 

We have 

= p{hi) = p{ht,-i) = p{hb) + p{hb-i ) + f{b, FT) = 
pihb) + p{-h^^) + f{b, -b) = Pih) - p{h^^) - f{b,b) 

and thus 

f{b,b) = p{hb) - p{h^n = p{hb) - pihbT- 

Thus we get 

p{hirf{b,b)p{hj) = pihiYipihb) - p{hbr)p{hj) = 
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p{h{)*p{h,)p{h,) - {p{h,rp{h,)p{h,)r. 

Since 

-{p{hj)* p{hb)p{hi))* = p[hj)* p{hb)p{hi) mod J, 

we get 

p{hi)* f(h,b)p{hj) = p{hi)* p{hb)p{hj) + p{hj)* p{hb)p{hi) mod J. 
Therefore 

n n 

n{b-r)= ^p{h,)*p{hb)p{h,y +^p{hi)*p{hb)p{hj) = ^ p{hi)* p{hb)p(hj) 

= {p{hi) + . . . + p{K))* p{hb){p{hi) + . . . p{K)) = r*Tr{b)r mod J. 
The equation 

Tr(b + c) EE 7r(6) + 7r(c) + f{b, c) mod J 
already foUows from 14.41 q 

7 A pseudo-quadratic form on V 

In this section we continue to assume that J is not commutative, so i? is a 
skewfield with involution *. We additonally assume that dimfiCv{A) — 1. This 
implies that G acts irreduciblely on V. We have defined an anisotropic pseudo- 
quadratic form on the i?-vectorspace A. We will make to a vectorspace over 
R and translate this form to a form of V. 
From now on, let v £ Cv{A) be fixed. 

Lemma 7.1 The map .) : A ^ ^{V, A) is an isomorphism with 

a • r) = ^{v,a)r* 

for all a £ A and all r £. 

Proof. If w e Cv{A),a e A and h e Hq, then bv 15.11 

^{wp{h),a) = ^{wh,a) = ^{w,a^ ") = (f>(w, a • p{h~'')) = 
^[w,a-p{h)*). 

Now there are hi, . . . , /i„ G Hq with w = X^iLi ^P(^i)- Then for all a G A we 

get 

n n n 

<^{w,a) = = ^^{vp{h{),a) ^^^{v,a ■ p{h,)*) = 

Z— 1 Z— 1 i—1 
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(I^{v,^a- p{hi)*). 

Thus A) = ^{V,A). This computation also shows the last equation. □ 

For every w € V there are r,s ^ R and a E A with w = vr + a) + vs/j,. 
Thus we can identify V with R x A x R and set (r, a, s) := it + $(f,a) + t^s/x. 

Lemma 7.2 Lei r,s & R and a,b € A. Then: 

(a) {r,a,s)n = {-s,a,r). 

(b) {r,a,s)b= {r + f{a,b) + sp{hb),a + b ■ s* , s). 
Proof. 

(a) _ _ 

(r, a, s)/U = (ur + a) + vsfj,)iJ, = vs^^ + ^{v, a) + vrfj, = 

—vs + ^{v,a) + vr/j, = {—s,a,r). 

(b) 

(r, a, s)b = {vr + [u/Lt, a] — vha + vsfj,)b = 
vr — vha + [vp., a] + [f /i, a, b] + vsp, + ^{vs, b) + vsp{hb) = 
vr + vf{a,b) + vsp{hi,) + 6 • s*) + a) + vsfj, = 
(r + f{a,b) + sp{hb),'a + b ■ s*,s). 

□ 

We will now define a i?-vcctorspace structure on V: For a G A set (r, a,s)oX = 
(A*r, a • A, A*s). Then we have 

Proposition 7.3 (a) o defines a scalar multiplication of R on V. 

(b) o commutes with the action of G onV. 
Proof. 

(a) This can be easily verified. 

(b) We only have to show that {woX}p, = wp o A and {wo X)b = wboX for all 
b e A and all A e .R hold. lfr,s € R,a gA, then 

((r, a,s) o X)p = (A*r, a ■ A, X*s)p = {—X*s, a ■ A, A*r) 

= (— s, a,r) o X = {{r, a, s)p) o X. 
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Moreover, 

((r, a, s) o A)6 ~ (A*r, a • A, X*s)b 
= {X*r + f{a ■X,b) + X*sp{hb),a- X + b- {X*s)*, X*s) = 
(A*(r + /(a, 6) + sp{hb)), (a + b-s*)- A, A*s) 
= {{''" + b) + sp{hi,),a + b ■ s*, s) o A) = ((r, a, s)b) o A. 

□ 

For r,s G R and a G A set [r, a, s] = (r*, a, s*). Then we have 
[r, a, s] o A = (A*r*, a • A, X*s*) = [rX,a ■ A, sA], 
Ka,s]A* = {r*,a,s*)fi = (-s*,a,r*) = [-s,a,r] 

and 

[r,a, s]6= (r*,a,s*)6= (r* + /(a, 6) + s*p(/i6), a + & • s, s*) = 
[r — f(b,a) + p{hb)*s,a + b ■ s,s]. 

Theorem 7.4 Lef tt : F — > i?/J : 7r([r, a, s]) = s*r + p{ha) + J. Then n is a 
pseudo-quadratic form of Witt index 1 and G ~ SU{'k). 

Proof. Since a p{ha) + J is an anisotropic form of A, we get that the map 
TT : V ^ R/ J is a. pseudo-quadratic form of Witt index 1 (see I3.3p . Using the 
notation of 13.31 one can see that a = a^a:,p{ha))- If 6 G then b — for an 
element a G A, and thus b — a(^p(;j = P{x,t) with x G y and t <E K. Thus 
the claim follows. q 

We sum up our results in our main theorem. 

Theorem 7.5 Let G be a rank one group with unipotent subgroups A and B. 
Suppose V is a cubic module for G with [V, G] —V and Cy (G) =0. If Aq ^ 1 
and the Jordan division algebra J defined by p{Ho) is not commutative, then 
J = Hq{K,*) for a skewfield K with involution * such that (J) = K, a K- 
vectorspace M and a pseudo-quadratic form n : A'l ^ K/ J of Witt index 1 such 
that G = SUItt). Moreover, there are G-submodules U,W of V with U <W 
and W/U = M as G-module. V is a direct sum of G-submodules isomorphic to 
M except charK = 2 and one of the following hold: 

(a) K is a quaternion algebra. 

(b) K is a biquaternion algebra, * a symplectic involution on K and J = . 
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Corollary 7.6 Suppose that k, G, M and E are as in \3.7\ Then either {A,B) 
for A, B € distinct is isomorphic to SL2{F) for an extension field F of k or 
there is a skewfield K C EndQ^M), an involution * of K with {K^) — K, an 
irreducible suhmodule Mq of M and a *-skew-hermitian form f : Mq x Mq K 
of Witt index 1 such that G = SU{Mq, f). Moreover, M is a direct sum of 
copies of Mq . 

Proof. If A and B are two distinct elements in E and U{A), U{B) are defined 
as inEITl then G = {U{A),U{B)) and G acts cubically on M with U{A)q = 
A and U{B)o = B. By our main theorem, either {A, B) = SL2{F) for an 
extension field F of k, or there is a skewfield K with involution * such that 
generates K, an irreducible submodule Mq of M and a pseudo-quadratic form 
77 : Mq — > K/Kir with G = SU{'k). Since chark ^ 2, tt is uniquely determined 
by its corresponding skew-hermitian form /. Since chark 7^ 2, M is the direct 
sum of copies of Mq. q 

If G can be generated by three elements of E, then this already follows from 
Theorem 2 of [IF. Note that if iiT = H and * is defined by r* = —ir'^i, where a is 
the standard involution of H and = —1, then any hermitian form proportional 
to a *-skew-hermitian form is cr-hermitian. But K^r = Z[K) doesn't generate 
K. Thus we cannot replace "skew-hermitian" by "hermitian" in our corollary. 
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